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I. Introduction.

" " When data are scarce, it is common to combine small samples from a
number of sources considered to be reasonably similar. When sample sizes are
extremely small, testing the assumption of similarity of sources is often only
attempted by subjective means. This paper provides a method to add quantita-
tive risk assessments to the study of this assumption, using two observations
per sample.

In addition to general compatibility testing of the sources using
modified versions of Westenberg's Interquartile Range Test, and the Westenberg-Mood
Median Test, a new hypothesis test has been developed to aid in identi-
fying whether one (or more) of the sources of data provides a substantially
larger or smaller set of values due to its underlying population.

Because the probabiiistic risk assessments provided here address a
situation so commonly found in analyzing military operations as well as in test
and evaluation, details are provided to simplify the implementation of this
methodology. A major goal here has been that power analyses be described in
terms meaningful to the user and the decision maker. The new hypothesis test
makes use of simulation-aided power analyses. .

The tests for general comparability, using modified Westenberg tests,
were first introduced in reference 2. The FORTRAN code for these tests is
given here in Appendix I. This program involves straight forward binomial
probabilities. The first format statement explains the variables and the null
and alternative hypotheses. It is written in terms of the interquartile range
of the combined sample, but could easily be written in terms of being above or
below the median of the combined sample. The null hypothesis (Ho) and the
alternative (Hl) are repeated here. "HO: Each sampie has at least 100 x RA
percent chance of having one observation inside and one observation outside the
interquartile range. HI: Each sample has at least 100 x RB percent chance of

having both observations fall together either inside or outside." The null
hypothesas for the Westenberg tests thus indicate a general compatibility among
the data sources. If a set of data made up of pairs of observations from a
number of sources appear to he reasonably homogeneous as judged by these tests,
however, it may still be that one, or perhaps a few pairs of observations may
have been drawn from a source very different from the underlying population for
the majority of the pairs of observations. Therefore, a new test is needed due
to the inadequacy of the modified Westenberg tests to discern such a situation.

In order to determine whether a pair of observations may have values
appreciably larger, or smaller than the other observations, the probability of
having both members of that pair of observations be among the largest, or
smallest in the combined sample should be investigated. This §s accomplished
here in the Length of Inftial Run (LIR) Test. In this test, the larger value
in each pair of observations is labeled "A," while the smaller of the observa-"
tions from that source is labeled "B." If no pair of observations {s drawn
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from an underlying population considerably different from the others (in
par. cular if no pair of observations is drawn from an underlying population
whose location is considerably larger, or smaller than the others) then the
Tength of the run of A's in the combined sample before the first B and the
length of the run of B's before the first A should not be too short. (Note
that run lengths can vary from one to n.)

II. Mathematical Theory of LIR Test.

Under the null hypothesis, that all pairs of observations were drawn
from the same or identical populations, the length of the initial run of A's is
identically distributed as the length of the initial run of B's. This discus-
sion will only be couched in terms of the initial run of A's.

The probability of having an "A" as the largest value in the combined
sample is unity. The probability of having an "A" in the second largest
position, under Ho’ is the number of observations not included in the sample

pair that the first A came from (2n-2), divided by the total remaining number
of observations available (2n-1). The probability of having a third A in a row
is the previous probability multiplied by the number of observations not
included in either sample pair that the first two A's came from (2n-4), divided
by the total remaining number of observations available (2n-2). Therefore, the
probability (under Ho) of having at least r of the A's before the first B is:

( 2n=2 ) ( 2n-4 ) ( 2n-6 ) e v 2n=-2r+2 )
2n-1 2n=2 2n-3 2n-r+1

If exactly r of the A's preceed the first B, the probability of this occurrence
(under Ho) is the above expression multiplied by the probability that the r+lth

largest value is a B. This would be the number of B values whose corresponding
A value is among the members of the initial run (r), divided by the total
remaining number of observations (2n-r). Simplifying, therefore, the probabil-
ity (under Ho) of having an initial run of length r is:

(2n=2)11Q2nr=DIr  \ore ki1 = k(K-2)(k=4Y -+« o
(2n-2r)!1(2n-1)! (stopping at 2 if k is even, or 1 if k is odd).

This further simplifies to
(n-l)!Zn-l (@n=p-i)hr - (n-l)!ZY.-1 (2n-r=1)!r

(n-r)12""" (2n-1)! (n-r)! (2n-1)!

In general, if N is the number of observations per sample and n is the number
of samplies, then the probability of an initial run of length r is:

(n-1)IN""1 (Nn=r-1)1(N-1)r
(n-r)!  (Nn-1)!
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Simulations could be used for alternative hypotheses and for irregular numbers
of observations. This paper, however, is concerned with N=2 observations per
sample.

Simulations (see Appendix III) were used to determine the relative
frequency distribution of initial run lengths under various alternative hypo-
theses. Each alternative studied assumed one pair of observations to be taken
from one underlying population and all others taken from a second underlying
population, with a few exceptions for sensitivity study purposes. The accuracy
of the simulations was examined in several manners. First, both underlying
populations were set identical and the results compared to the frequency
distribution for the null hypothesis. Agreement here demonstrated that the
closed form solution for the null distribution is correct and also that the
simulation was accurate to approximately three significant digits using 20,000
replications for the cases of interest shown in Appendix II, also under Ho'

However, under any alternative hypothesis, accuracy of the simulation is
degraded due to the fact that the distributional forms which the pairs of
observations are being drawn from are not exactly what they have been repre-
sented to be. Table I, however, provides a set of chi-square "poorness" of fit
tests which show that, in the case investigated there, the distribution is
almost exactly as was represented. (Similar results were obtained using other
distributions.) Table TI is used to demonstrate the small differences in
resulting output when inputs are varied to degrees that were found unlikely to
actually occur. (Note that the differences found in Table II were of only
approximately the same magnitude as in Table 1.) From this, it is generally
concluded that only two significant digits should be used from the relative and
cumulative relative frequency autputs.

In addition to the type of validation shown above, the simulation
results were compared to a closed form solution for the probability of a run of
length one when one pair of observations is drawn from one distribution and all
others from a second distribution. In order for there to be a run of length
one, both observations from the same pair must be the two largest (or smallest)
observations in the combined sample. Therefore, if p is the probability of a
run of length one, and we are investigating the initial run of A's, and only
one pair of observations is drawn from one distribution with all others drawn
from a second distribution,

p = J gz.m,m(X)J 9y 5,7 (t)dtdx
X= =0 t=x

] 00 o0
p-— J 91 .20 ng’m’m_](t)dtdx.
X==co0 t=x
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CELL

#0BS
370
375
402
369
412
376
407
424
413
381
377
380
394
381
382
364
388
398
423
427
381
398
393
394
370

TABLE Ia
True
N(12,1) M)
CELL# #0BS CELL#
26 410 51
27 428 52
28 382 53
29 413 54
30 386 55
31 400 56
32 396 57
33 426 58
34 386 59
35 433 60
36 380 61
37 407 62
38 418 63
39 393 64
40 407 65
4] 370 66
42 428 67
43 411 68
44 395 69
45 405 70
46 347 71
47 413 72
48 445 73
49 415 74
50 392 75

Random Nos.
Generated From A
N(12,1)

#0BS CELL#
417 76
402 77
398 78
381 79
447 80
385 81
393 82
375 83
404 84
401 85
419 86
371 87
414 88
400 89
415 90
396 91
415 92
429 93
389 94
424 95
417 96
406 97
439 98
404 99
392 100

THE CHI-SQUARE VALUE FOR A N(12,1)
USING 40000 GENERATED RANDOM NUMBERS

TESTED AGAINST A N(12,1)
IS 94.56
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TABLE Ib

Random Nos.
True Generated From A
N(12,1) 'A) N(12,0.95)

CELL # #0BS CELL# #0BS CELL# #0BS CELL# #0BS

1 282 26 385 51 449 76 437

2 295 27 426 52 415 77 390

3 317 28 430 53 418 78 349

' 4 344 29 403 54 402 79 387

' 5 343 30 424 55 468 80 410

| 6 372 31 409 56 395 81 394

f 7 361 32 424 57 426 82 399

; 8 380 33 424 58 385 83 393

9 390 34 409 59 435 84 392

10 402 35 433 60 417 85 389

11 378 36 417 61 444 86 401

12 362 37 412 62 387 87 409

13 370 38 445 63 413 88 406

14 396 39 424 64 454 89 394

15 382 40 403 65 399 90 414

16 383 41 426 66 439 91 375

17 362 42 401 67 435 92 368

18 369 43 458 68 416 93 382

19 412 44 399 69 432 94 366

20 436 45 432 70 441 95 383

21 438 46 387 71 424 96 366

22 385 47 418 72 451 97 367

23 388 48 460 73 418 98 335

24 416 49 442 74 398 99 354

25 396 50 415 75 414 100 300

THE CHI-SQUARE VALUE FOR A N(12,0.95)
USING 40000 GENERATED RANDOM NUMBERS
TESTED AGAINST A N(12,1)
IS 302.45
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i
: TABLE Ic
Random Nos.
True Generated From A
N(12,1) 'R N(12,1.05)
CELL # #0BS CELL# #0BS CELL# #0BS CELL# #0BS
1 495 26 418 51 402 76 393
2 443 27 366 52 371 77 384
3 448 28 407 53 388 78 398
4 445 29 378 54 372 79 398
5 412 30 386 5% 398 80 359
6 442 31 367 56 396 81 342
7 444 32 427 57 366 82 385
8 428 33 356 58 372 83 401
9 399 34 423 59 370 84 392
10 395 35 352 60 383 85 380
11 396 36 386 61 387 86 398
12 399 37 423 62 400 87 396
13 378 38 385 63 358 88 402
14 384 39 362 64 368 89 422
15 354 40 385 65 422 90 417
16 404 41 365 66 385 91 433
17 411 42 403 67 376 92 433
18 411 43 394 68 421 93 418
19 413 44 387 69 381 94 416
20 383 45 360 70 382 95 427
21 373 46 345 71 404 96 424
22 392 47 392 72 411 97 473
23 392 48 427 78 392 98 479
24 368 49 391 74 431 99 472
25 391 50 380 75 391 100 566
THE CHI-SQUARE VALUE FOR A N(12,1.05)
] USING 40000 GENERATED RANDOM NUMBERS ]
. TESTED AGAINST A N(12,1) ]
b IS 277.28
'
;
;
§
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TABLE Ila

Input distributions are N(12.00, 1.00) and N(10.00, 1.00). Number of samples
from each distribution is 1 and 9 respectively. The random number seed for
this run is 65557. i

Test for the Length of the Inftial Run of A's before the first B.

PROTErR

Number of replications: 20000

Length Observed Relative Cumulative
of Run: Frequency: Frequency: Frequency:
1 7275 0.363750 0.363750
2 4391 0.219550 0.583300
3 2980 0.149000 0.732300
4 2123 0.106150 0.838450
5 1534 0.076700 0.915150
6 857 0.042850 0.958000
7/ 517 0.025850 0.983850
8 246 0.012300 0.9961.0
9 67 0.003350 0.999500
10 10 0.000500 1.000000
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TABLE IIb

input distributions are N(12.00, 0.95) and N(10.00, 1.00). Number of samples
from each distribution is 1 and 9 respectively. The random number seed for
this run 1s 65557,
Test for the Length of the Initial Run of A's before the first B.
Number of replications:20000
Length Observed Relative Cumulative
of Run: Frequency: Frequency: Frequency:
1 7406 0.370300 0.370300
2 4480 0.224000 0.594300
3 3018 0.150900 0.745200
4 2134 0.106700 0.851900
5 1419 0.070950 0.922850
6 806 0.040300 0.963150
7 469 0.023450 0.986600
8 203 0.010150 0.996750
: 9 55 0.002750 0.999500
i 10 10 0.000500 1.000000
¢
3
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TABLE IIc

Input distributions are N(12.00, 1.05) and N(10.00, 1.00). Number of samples
from each distribution 1s 1 and 9 respectively. The random number seed for
this run is 65557.

Test for the Length of the Initial Run of A's before the first B.

Number of replications: 20000

Length Observed Relative Cumulative
of Run: Frequency: Frequency: Frequency:
7141 0.357050 0.357050
4273 0.213650 0.570700
2969 0.148450 0.719150
2119 0.105950 0.825100
1611 0.080550 0.905650
958 0.047900 0.953550
556 0.027800 0.981350
284 0.014200 0.995550
78 0.003900 0.999450
11 0.000550 1.000000
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where 91 2 k(x) is the distribution of the k th order statistic out of 2

observations in distribution 1 (distribution 1 is, in general, the distribution
of larger location if the initial run of A's is being fnvestigated); and 9 m.k

is the distribution of the k th order statistic out of m for distribution 2.

Since there are n-1 pairs of observations taken from distribution 2, m = 2(n-1)
= 2n-2, and therefore:

1 1 1
m-1 2n-2-1 2n-3

The expression for p is based on the fact that if both observations of
a given pair have larger values than any other observation in the combined

sample, then the B value associated with the largest A has to be larger than
all other 2n-2 values.

Once again, use of this validation technique supported the conclusion
that two significant digits should be used in the results.

If fl(x) is the density function for distribution 1, and fz (x) for

distribution 2, an approximation can be made for p when the number of observa-
tions drawn from each distribution are equal, or nearly equal, and very small.
This approximation will be very poor unless the assumptions are enforced. In
general, however, the calculations are much easier than those in the previous
expression. In this case the approximation is as follows:

o = [ R [ R e s w00)
X = -w t=x
s (R )t () ()
P vo+2n-v/ \{v-1)o+2n-v vo+2n-v’ ‘vo+2n-v-1

where v is the number of observations taken from tho first distribution.

¢ is the probability that if one observation were drawn from each of the

two distributions, the observation from distribution 1 would have a larger
value. The approximation is therefore a weighted counting procedure which doe~
not fully account for the shapes of the true distributions of interest.

The tables of Appendix II provide power infurmation for a variety of
cases when the number of samples (of size two each) is 5, 10, 20, and 50. The
alternative hypotheses could have more than two underlying distributions (up to
n) but two are sufficient to illustrate what is being investigated here. The
importance of this test is to determine the 1ikelihood of having one (or
possibly more than one) pair of observations drawn from an underlying popula-

tion which is substantially different from the underlying population from which
the rest of the observations were drawn.
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If sample sizes are large, it is possible to reject Ho when the truth
is close enough to Ho for practical purposes, unless a specific H1 is used for

a power analysis. When sample sizes are small, as in the case here, one may
fail to reject Ho when the truth is not close to Ho' Power analyses would help

by completing the quantification of the problem. Without a power analysis, a
hypothesis test is only half completed. Null and alternative hypotheses work
in pairs analogously to confidence limits. In the present situation, a power
analysis 1s very important due to the unconventional nature of the problem.
(It is interesting to note that when the number of samples [of size two each]
increases, the power level at a given significance level remains apparently
approximately constant [see Appendiix II].)

This paper makes use of a much neglected application for simulation.
Simulation can be used as a check for a closed form solution when the develop-
ment of such a solution was subtle, in addition to handling situations where a
closed form solution is difficult if not impossible.

III. Example.

Suppose that ten processes (or items of equipment, etc.) are to be
examined for a certain trait and that it is expected that they will all behave
similarly for that trait. Also, suppose that the expense involved in studying
those processes is great, or that for some other practical reason, the number
of observations per process (item, scenario, etc.) must be kept extremely
small. If two observations each are used, a combined sample size of 20 is
obtained. Whether or not these samples should be combined would then be open
to examination. In addition to any subjective arguments, the modified Westen-
berg tests and the LIR test should be applied to assist in this examination.
Suppose (for use in the LIR test) that the larger value in each pair of obser-
vations is labelled "A," and the smaller values labelled "B." Subscripts
"1"-"10" could be used to denote which process is being represented. (This
will be used in the modified Westenberg tests.) Suppose that when the values
for each of these observations are ranked from largest to smallest the follow-
ing result is obtained:

' !
[}
Rg By A7 Ap Ryuhy Ag Ag Arg A3 | B2 Ag By By By | Bg By B3 By By
]

The number of times that a pair of observations are both found on the same side
of the median, NZ, is 2. Also, the number of times that a pair of observations
are both found either inside or outside the interquartile range is NZ=2. Table
II1 shows results taken from the program of Appendix I. PA is the probability
level of the test associated with Ho, and PB is the probability level associ-

ated with Hl' An examination of this table shows that there is no good reason,

based on this ranked data and aside from subjective arguments, to conclude that
these samples should not be combined, but actually there is good reason to
concliude that such a combination is advisable. However, the LIR test can be
used to show that even though general compatibility appears evident, the

B
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TABLE III

RUN WC
HO: EACH SAMPLE HAS AT LEAST 100OxRAY CHAMCE UF HAWING
OME C2SERVATION INSIDE aAnD OME CREZIVATION CUTSIDE

THE INTERQUARTILE RANGE.
Hi: EACH SAMPLE HAS AT LEAST 100xRBY% CHANCE OF HAYIMNG

BOTH 0O2SERVATIOMS FALL TOGETHER
EITHER INSIDE 0RF CQUTSIDE

INPUTS ARE.

NS, THE NUMBER OF SAMPL. .
N.. -HE NUMBER OF ZERCES
RA ANZ RB

THE NUMBER OF ZERDES IS THE HUMBER Cr EAMPLES WHREE ThO CBEERMATIONS
ARE FOUND TOGETHER

ENTER NS.NZ,RA,RB.
10,2,0,9%,0.50
PA=0.2262 #B=0,1875
Do vyou wisn to run the test asainrs
Enter "Y" or "N",
Y

ENTER NS,NZ,RA,RB
10:.2,0.50,0.50
PA=0.9688 . PB=0.1875
Do vou wish to run the test asain?
Enter "Y" or "N".
Y

ENTER NS/NZ:RA,RB.
10,2,0.75.,0.2%
PA=0.7E27 ?8=0.6328
Do vyou wish to run the test asain?
Enter "Y" or “N",
N
FORTRAN STOP
%
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initial run of A's is extremely short (one) and this indicates that sample 8

may provide values too large in comparison to the other values. The LIR test
shows that if the null hypothesis (that all pairs of observations were drawn

from the same underlying distribution) is true, the probability of an initial
run of length one is 0.053 when the number of samples (n) is 10. This is the
probability of a Type I error. However, if the null hypothesis is "accepted"
here, the probability of a Type II error (for any alternative) is unity since
no amount of evidence against Ho would then suffice. If the values of the

observations here suggest that graph A is the result of a reasonable alterna-
tive hypothesis, then the power against that alternative is of interest and is
approximately 0.56. Against the alternative used to arrive at graph B, the
power is 0.36, and the power from graph C would be 0.12. Note, however, that
the alternative shown here against which the power is lowest is for a situation
better investigated by the tests of Appendix I, program WC, originally found in
reference 2. Note also that even if all 20 observations here came from the
same distribution, that is a small sample to use to determine the form of that
distribution. Therefore, other alternatives involving distributional forms
other than normality may be needed to complete the analysis.

Suppose B8 and A7 were not as shown, but exchanged in position. The values

of NZ would remain the same, but the length of the initial run of A's would now
be two. If Ho is rejected when the observed run length is 2, the probability

of a Type I error is 0.158. Against the first, second, and third alternatives
mentioned above, the probability of a Type II error would be 0.44, 0.64, and
0.88, respectively, and the power would be 0.76, 0.58, and 0. 34, also
respectively.

If a run of length 3 is considered, these figures are, respective to the
order given above, 0.307, 0.24, 0.42, 0.66, 0.87, 0.73, and 0.62.

Considering the above, when n=10 it could be deemed reasonable to
reject H° when the run length is 2 or less, and "accept" it when it is 3 or

more.

In conclusion, if some of the observations in the example given eariier
are shifted in rank it may affect one or more or perhaps none of these tests.
Also, if the modified Westenberg tests greatly discourage the combining of the
samples, then the LIR test will probably not be very useful. In using the
modified Westenberg tests, if it is not possible to divide the observations
into groups of equal size (above and below the median and inside and outside of
the interquartile range), then apply the tests shifting the observation(s)
which are in question from one possible grouping to the other and average the
results obtained. Finally, because the Bernoulli trials in the modified
Westenberg tests used here are not truly independent, these tests are
approximate. Also, some RA and RB values may be inappropriate. For example,
in Table III, RA could never be 0.95; however, it is used to {llustrate the
strong conclusiveness of these particular results. A study of the null
hypothesis indicates that for RA = 0.5, the binomial distribution used for this
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test has thicker "tails" than warranted. (The exact null distribution is
described by

CIY Bl LTV ATINN
(2Ns) /2% [(Nz/2)!]?

Also, the true null distribution is skewed to the right, but not appreciably
when NS exceeds 50. For smaller numbers of samples, WB 1 from reference 2 is
of use. The advantages in using program WC are that understandable
alternative hypotheses can be shown for decision making, and a large number of
sample pairs can be handled with very little computer time. A1) that is really
needed is a table of the cumulative binomial distribution. This test should be
considered "quick and dirty" as a preliminary to the implementation of the LIR
test. The LIR test is an exact test and is easily and meaningfully applied.




APPENDIX I

FORTRAN CODE FOR Modified Westenberg Test
(Designed for n pairs of observations)

This program was referred to as "WC" in reference 2. Note that unlike the
other modified Westenberg tests of reference 2, which are exact, this one is an

approximate test.

e ey e
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§100

NN N NNNNYN NN,

1000
999

100

2500
2001%

2002

2003
2010

CHARACTER*4 ANSwtk

ARTTE(b,1100)

FORMAL(S5X, %110t EACH SAMPLE HAS AT LEAST 100xRAY CHANCE?’,
* OF HAVLNG®,/,9%X,%00 OdSERVATION INSIDE AND ONE’

* ObSERVATION OUTSILE?,/,9X,* THE l1.TEKGVUARTILE RANGE,®’
//,5X,"H1:  KACH SA“PLE HAS: AT LEAST 100xRBY CHANCE®,

* OF HAVING?,/,9X,°bOTH OBSERVAIIONS FALL TOGETHER?,
/749X, °EITHER THSICE UR VUTSIDE®,/77/777,5X,° INPUTS ARE: 7,
/,5%X,°NS, THE MUMIER OF SAMWPLES®,/,

$X,"NZ, TWE NuMpER OF ZEKOES?,

/,5X,“RA AND rB’,//,5X,"THE NUMBER OF ZEROES IS THE NUMBER OF°,

* SAMPLES WHOSE TWO DBSERVAIIOHS',/ Sx,’ARE FOUND TOGETHER®)
WRITF(5,999)

FURMAL(//,5X%X, ENTER NS,NZ,RA,RB")

RdAD(S.*)as.ha.nn,xa

I=NS/2

J=pN2/lé

n
[o N =)

o S¥1
Y GE.w)GUTU 100

/(X=Y)

-i-a'v'tn—rucxz-u'o
>
O'UXAOXHQ"

= ununny

-3
-+
[

P=P*(X=T)

P=P/(X=Y=1)

LzX=Y=~T

IF(L.GT,1)GOTO 5

IF(K,GT,J)GUITU &6

PB= PB+P¥((R6*¥K)‘((1 KB)*%(I= K)))
K=K+

IF(K,LE,J)GOTO 2

KzKe{ .
PASPA+P* (((1=RA)¥3K)S(RASX(]I=K)))
K=K+l _
JF(K=1)2,2,20
Y=X-Y

GOTO 3
wRITE(6,2001)FPA,PB
FORHAT(IX,'PA='.F6.4,5X,'PB=',F6.4)

wRITE(09,2002)

FORMAT(TZ,’Co you wish to run the test again?’,/,
T2,°Enter "Y" or "N",?)

READ(5,2003)ANSHER

FURMAT(A)

JF(ANSWER,EQ,°Y*)GOTO 1000

STCP

EnD

00~
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APPENDIX II
POWER TABLES FOR LIR TEST

The distributions from which the input is to be drawn for each of the
alternative hypotheses are shown here followed by histograms of the relative
frequency distributions for these alternatives. In all cases here, both of the
distributions from which the samples are drawn are of the same type but with
parameters which differ in some respect. The samples could have been drawn
from totally different distributional forms, and more than two such distribu-
tions could have been used (up to n); however, what is used here is sufficient
to demonstrate this test under conditions which illustrate its usefulness.

In the case of the normal distribution, when standard deviations are the
same, the symmetric nature makes the relative frequency distribution for the
initial run of A's the same as that for the initial run of B's, if the number
of pairs of observations from each of the two input distributions is inter-
changed. This is true in all cases where symmetric input distributions of
equal variance are used. Also, when two symmetric input distributions with the
same location, but unequal variances are used, this principle applies. When-
ever this occurs, the output relative frequency distributions here are written
in terms of the initial run of A's,

The Church-Harris-Downton (C-H-D) method of testing the probability of
motor case rupture in missile testing, see reference 1, makes use of a statis-
tic related to ¢ (shown in Section II here). This statistic is

2 2l
(Pl r pz)/(o-l & 0'2 )
input distributions. For any of the tables involving two normal distributions,
if/Jl,/JZ, Ui’ and d@ are changed such that the above statistic remains con-

, where the subscripts "1" and "2" refer to the two

stant, then the output relative frequency distributions given here are appli-
cable.

In the case of the gamma input distributions, whenever the g's (scale
parameters) are both multiplied by the same factor, the output distributions
are still applicable. For triangular input distributions, if all parameters
are added to, subtracted from, divided or multiplied by the same number, the
output distributions will not be changed.

The tables given here are for two normal distributions, two gamma distri-
butions, two triangular distributions and finally, two beta distributions. The
parameters were picked, in many cases, such that the power against the alter-
natives was approximately 0.5 when the significance level was approximately 0.1
to 0.15. This occurs for Ho, as shown in the following table:

43




‘ # of samples run length (probability level
: of size 2 each under Ho under Ho)
5 1 ~11%
10 2 ~15%
20 3 ~15%
50 { 4 ~10% i
5 ~15% :

The following tables provide a variety of examples of alternative hypothe-
ses and results obtained using them. It is hoped that this appendix is
sufficient to provide a working knowledge of the power of this test to its 3
users. When any specific alternative which the user is interested in investi- i
gating does not appear here, and the user does not wish to spend the time to
get the programs of Appendix III to run at a convenient facility, it is hoped
that the results can be interpolated from results provided here. Note that
following each graph of the distributions from which the observations are
hypothesized (Hl) to have been drawn, only relative frequency distributions are

provided. The hollow bar graphs show the relative frequency distribution under

Ho-
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10

10 pairs of observations drawn from the same distribution

Hot

9 pairs from N(x,1) and 1 pair from N(x+2,1)
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Hyt 20 pairs of observations drawn from the same distribution
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Ho: 50 pairs of observations drawn from the same distribution

Hy: 49 pairs from N{x,1) and 1 pair from N(x+3,1)
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Ho: 20 pairs of observations drawn from the same distribution

Hy: 10 pairs from N(x,2) and 10 pairs from N(x¢5,2)
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As stated in the introduction to this paper, if "A" is the larger value and
"B" is the smaller value of one pair of observations, then the probability for
the Length of Initial Run (LIR) of "A"'s or the probability for the LIR of
"B"'s can be used to indicate whether data has been drawn from the same
distribution or from two different distributions.

In most cases, determining the probability of a LIR equal to N (where
N=1,2,3,...) 1s impractical using analytical methods.

The purpose of this prpgram is to use simulation to estimate the probabil-
fty of observing a LIR equal to N for an alternative hypothesis that assumes
data has been drawn from two different distributions rather than the same
distribution (as the null hypothesis assumes).
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L1581 OF VARLApLES

| variarles useo in subproaram linJll1ALlZe

D1STS value ,determinea oy input, whicn specities the orobability
] aistrioution,

f Irk¥: input value tor the total number of replications to ne per=
tOl'ﬂ*Ed.

NeILE: Logical unit assiynment basea on input value,
! NAMES  wvame of ocutput flle (when wFilLE=8),

0ISP: Disposition of output tile at termination ot program (wshen
GELILE=S),

[ llems value (A or R) desifunating tne tyve 0f run test to oe perfora

LET1ER: Specifies tne type of probapility aistrioution; :J=normal,
uv=78mma, beneta, or T-triangular,

! varjacles usea in subprograatn SuUnf

SuMs: Ine teotal nurber ot samples arawsls (LSAMP(L)+nSAMP(2)).
ARUK?T Lengtn of tne injtial run ot ’A’s before the tirst ‘uv’,
; PKUANS Lenath ot tne initiai run ot ’H’s before the f£irst °A’,

ARESULT(SuM): Array wnich stores tne nuuper of times each “ARUx’
lenotn occurs durine the entire simulation,

pRESULT(SumM): Array whicn stores tne nunoer of times eacn “bruUn’
lengtn occurs during the entire simulation,

Variables useqda in subwrogran RebPUx]

PERCERT(SUM): Kelative trequency destripution of the LIR
(ARESULI(SU*)/IRbP; DRESULT(Su¥)/[Reb),

Cum(SuM): C(Cumulative tregquency distriecution ot tne LIR,

ALMSwEN? Input value «hich getermines tnhe status of par grapnh
output of frequency aistrioution (print:¥eS or n0), k

Variaoles usea in suborogran wOF AL

my(l): ~ean tor distrioution |,
87




SIGMA(I): Standard deviation for distribution I,

) & An indepenaent identically distributeu unitorm

random number generated by the VAX 11/760 subprogram *wan’,

T= (2X=1): A test value to determine acceptaoility ot the

generated random numbpbers,
Y: A%(0,1).

X1,X23 N™(MU,S1GMA)’s,.

variaples useo in subprograem GAmMA

ALPHA(L) I=1,23 Shape parameter,
BETA(L) I=1,2: Scale parameter,

RS An independent identically distriouted unitora

random numoper generatea oy the VvAX 11/780 suoprogram ‘Raw’,

TEST & w? Test values used to determine acceptapility
of the generated random numpers,

Y: GAM™ (ALPHA(L),1) 1=1,2,

X(1) 1=1,2: GAM® (ALPHA(L),BETA(L)),

variables useo in subprogram oElA

ALPHA(1,J) 1,J=1,2: Shape parameters,

RS An independent identically distributed unitorm
random number generated oy the VAX 11/760 suoproaranm

TEST & W Test values used to determine acceptability
of the generateo random numbers,

Y GAM™ (ALPHA(IL),1) 1=1,2,
Xi1(1) 1=t,2: GAM™ (ALPHA(Y),1) 1=1,2,.

X2(1) 1=%,2: BET"(ALPHA(CL) ,ALPHACJ)) L,uE1,2,

variables used {n subprogram ThIANG
G Minimum value, Location parameter,
H maximum value., MaxeminsScale parameter,

C: Mode, Shape parameter,

RS An independent identically distributea unitorm
random number generated py the VaX 11/780 subproogram ‘kKA~’,
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X2,X3: TRIANG™(U,),(mode=nin)/(max=min)),

X(l) l=31,2¢ TRIANGT(min,rax,mode) .,
Varlianles common to subprograns
MNSAMP(I) 121,48 Tne number o0t two=oOpservation samples

requirea tor distripution I,

A(SUM) SUMS1,uSArr(1)+NSARF(2): Array ot qreater values ot
each two=observation sanrple from the comtcineo NSAMP’S,

c(Sum) SuUM=1,nSAmMP (L )+rSARF(2)S Arrey of lesser values ot
each two=observation sample trom tne compined NSAMP’S,

CuunT: Courter for current number of replications; simula-
tion terminates wnen CUUNT=IKEP,

19 8 Initial value reguired for ranuom numper generation,

PRUGRAM LIMITATIUNS

sutprogram LIRLANGS The woae “C’ usea to generate the
TRIANG(V,1,C), where (=(mode=nin)/(max=min), is restricted

to u<C<l, ;
Suprreogram GhawAl ALPHADL,
Supprogram cETA: ALPPA(L,J)>1 1=1,2,

Input districutions must both re 0f the same type,

Input districution tyre is limitea to normal, gamma, beta,
or trianqular.

ine numper of replications must be less than or equal to 109,000,
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LS -3 ol HY, S R A S )

B0, AND
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GENERATE A
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=
[SORT ‘A’ ARRAY]

CALCULATE LIR
FOR CURRENMT REPLICATIOM
__(A-RUM AND B-RUN)

ALD CURRENT LIR
TO RUNNING TOTAL OF
PREVIOUS DISTRIBUTIONS
(AR T )




BEEXRRERRIRERANNRRRNEREMAIN PROGRAMSSEFENNNNEFREREFXESRFEREF AN AERRAES

COMMON/ALG/A(50),B(50),SUM
CUOMMON/ALL/NFILE,IREP,ITEM. ... et
COMMON/UUT/ARESULT(SO) BRESULT(SO) PERCENT(S50)
COMON/FILE/NAME,DISP : . —-
CALL INITIALIZE(DIST)

19 GO0T0(1,2,3,4),DIST ... ...

1 CALL NORMAL

GOTU 10 - [ =2 T —
2 CALL GAMMA

GOoTo 10 A ! e e —
3 CALL BETA

GOTO 10 g 08 g on v

4 CALL TRIANG
10 CALL REPORT SR | - P,
STOP
EnD o oo md Mo o TESE L gm

BARRRERRRRRRR R R KRR RN AR RN AR AR RRA NS AN T RN RO RN SRR NER RS RO S S
) ) | ——— . R ]
* Tnis subroutine inputs the type of probability #»

¥ distripbution and the number of replicetions, *
% L
AEERRRERERRERANARAREERRERRRER R R R AR AR ERBRE AR B RSB PR RS RN RS EUE R A RN S

SUBROUTINE INITIALIZE(DIST)
COMMON/ALL/NFILE,IREP,ITEM R S
CUMMON/FILE/NAME,DISP
CHARACTER*4 LETTER,CHQICE. . ..
CHARACTER*13 NAME,DISP
35 WRITE(6,31)
31 FORwAT(Tz,'Output may be written to a file and then printed ’,
/°or printed at this terminal.’,/,72,°Enter "F" for file or "I"’,
/ * for terminal,’)
READ(5,79)CHOICE T s S
IF(CHOICE EQ. *F*)THEN
NFLLESS D e e rmem —
ELSE IF(CHOICE.EQG.”T*)THEN
NFLLE=6 i L e .
GOT0 3
ELSE e e e
GOTO 35
END IF o —
wRITE(6,12)
12 FORMAT(T2,’Enter the name of the output file.*)
READ(S,17)NAME
17 FORMAT(A) FR P S—
WRITE(6,21)
21 FORMAT(T2,Select the disposition of the output flle,’,
/ /,T2,’Typet KEEP,PRINT,or PRINT/DELETE,’)
FEAD(D,27)D1SP TR Y Y
27 FURMAT(A)
OPEw(y,FILE=NAME,STATUSSNEW’,D1S5P=DISP) . __.
3 WRIITE(6,72) )
12 FURMAI(TI2,’which type of test is to be performed?’,/,T2, ...
/  ‘enter "ArRUN" it you wish to know the length of the A °,
/ ‘run vetore the first B,°,/,° Enter "BRUN" {f you wish the’, .
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/ ’ lenuth ot tne K run retore the first a,’,/,12,°Enter "BOTH®
/ * it you woulu like tne results of both tests.’)
READ(S,79)TeS]
79 FURWAT(A) :
l IFCLEST 60 “ARUWY ) THEN ,
' ITEms)
ELSE IF(TEST Q. BRUNC)IHEN
1Tem=2
ELSE IF(TeEST Qe “BUTH? ) IhEN
1TL =3
ELS-
GOIO 3
kD 18 \
13 A LTE(h,10) i
10 FUR-A1(i2,’belect the type of distribution you would °,
/ ‘like,’,/,° Type the tirst letter of the name to maxke °,
/ ‘’your input,’)
READCS,23)LETIER
23 FURMAT(A)
JF(LETITER oE G I N? ) THE
ﬁ DIs6T=1

ELSE IF(LETTrRKekue P37 )]k i
wIsT=2
ELSE IF(LAET I Rabtdy Pis?) [aibd 1
DIST=3
FLSE LF(Lr1IrEREG,"T?)1vEn
U18T=4 3
FLS. [
G010 13
EoDIF

92 wRILE(R,33)

93 FOR'AL(1T2,’Enter the nuaeber ot replications *,

/ °to be pertormea.,”’)

91 HrAL(S,*)IKEP .
IF(IrPeb,3T,100000)GITy Y2
befuk®
FaU

ERXRERBEF AR F AR R KB A RN R K R KRR KA R F AR RN RN RN RN ARG R RN E RN KK

» X

* This suvroutine aenerates random numbers ¥

; ¥ tror tne norval districution. ’

E ¥ ¥
: EEERNEFRR AR AR R R B R AR KRR RN S SRR R AR AR B AR K AR XA RN RSN NEBERREEE RSN l

SuekGUT1E NOKRRAL
3 ODLRWET Y V(2),4U(2),51GYAC2),4HS8AMP(2)
5 CUSAG i/alG/A(50) , 1 (HU), 35U
CUMNMOw/WLL/Z1iIFLILE, IREP,1LE
COrmGu/FILE/NAME,DLSP
CAANACTER®13 NAME ,DISP
PEAL s~
I18TrGek CullaT,11,5Um
CodAT=0
IF( FILFE.EQ.6)GUNI0 n
GPE® (6, K ILESHAME ,5TATUSE0L0D Y ,DloP=D]ISP)
t PRINT S
5 FURSAT(1X,’Fnter wu, siama ana numher of samples’,
* tor tne’,/,t2,
/ ‘"tirst normal distrirytion sepatAted vy commas,’)

~
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READ(S,*)MUCL),SIGMACL),NSAMP(L)
WRITE(6,17)
.17, FORMAT(T2,’Enter mu, sigma and number of samples’,
/ ’ for the’,/,172,
. —....4. ’second normal distrioution separated by commas.’)
READ(S,*)MU(2) ,SIGMA(2),NSAMP(2)
... . _WRITE(6,19)
19 FORMAT(T2,’Enter a five=digit number for random’,
e meeed.  ’ number generation,’)
READ(S,*) 11
e .. WRITE(NFILE,98)MUC(1),SIGMA(C1),MU(C2),SIGMA(2),NSAMP(L),
/ NSAMP(Z),Il
.98 FORMAT(T2,’Input distributions are N~(’,F5,2,°,’,F5.2,") and’,
/ ° N"(’,F5,2,°,°F5.2,%).°,/,T2,Number of samples from each °,
e A 7dIStT iU ION {8 “°,12,° and ’,
/ 12,’ respectively.’,/,T2,°The random number seed for this ’,
e 4 EUN 18 7016,%.0%)
97 COUNT=COUNT+1
e . NRQ
SUM=0
100 . __J=l+l
N30
-90 . .T=0 .
PO 80 I=1,2
... XSRAN(I1) .
V(I)=2,%X=1,
———.: 3 FS O L1 Y@ O 1N
TaT+W
.80 __ _ CONTINVE . .
IF(T,GT,1,)G0 TO 90
e . Y1mLOG(T) .
Y28=2,%Y1/T
e XZSQRT(Y2) ...
NzN+i
e . SUMSSUMeL .
X1sMUCJ)+SIGMA(CU)*V (1) *Y
e X23MU(J)I+SIGMA(J) ®V(2) *Y
; IF(X1,GT,X2)THEN
—— 3 ¢-171.51 7 3 W
BR(SUM)=X2
ceeiee .. ELSE. . .
A(SUM)=X2
. .. B(SUM)EXY
ENDIF
e SE (N s LT S NSAMP (J))GD . TO 90
IF(J.LT.2)G0 TO 100

eeee —_ . CALL SORT
IF(COUNT,LT.IREP)GOTO 97
oo ... RETURN .
END
L L T Y T T L R L Lttt
* *
* This subroutine generates random numbers *
¥ from the gamma distribution, X
* *

LEARRRRA R AR R R R RN E NN R RN RN AR E R RN AR A RN AR R R AR RN AR &

SUBROUTINE GAMMA -
DIMENSION U(2),X(2),ALPHA(C2),BETA(2),NSAMP(2)
98




9b

l 97

[X¢]

8¢
PAY
Su

T M,

Ciarnili !f};h',tfﬂ{h”] ' 1 { 51 ) f&'—”"
CoFspnfalbib/aFILE, IKkeEP, Ll
Cownv/rlLE/NVANE, D1SP

CrumaCler®ld etk ,LLSP

JauTeGhK H.:'JU"JT;I.J.'HU.“

Feal LTHETA,LisE

Clbnul=n

LEfFlLe et 0106010 B

LhE (8, bILeshAME, 51ATuSs"ULD" ,GLSP=sU1GP)
FRInT 1L

Flsh-a1(14, "knter alpna, ceta anuv numnter ot samples tor”,
* tne*,/,12,

"first warma ulstrivution separeted ny commas,”)
RrEAulS,*)alPRAlL),rrTAall), S580P(L)

IE(aLbvhall) ol 1)LLIO N

Frl -7 1i

Fur -47¢1a,"cnter alpha, ocerta and numper of samples tor’,
L t:;’l";ﬂr,lizl

"secono J4mma al1strivutinn secArated oy commas,”)
FEaala,*)AaLPRACL) FeTale) pibavb (L)

Te(ALPRALZ) JLELL)OLLY B

Prnl.T 12

FLb A1(id,"nter & tive=digit numper for random”,

* nuroerr zeénerdtlon,”)

REAJ(S,%)1)

aRIT=( FLLk, 45 )ALFHACL) ,HETACL), ALPHALZ) ,BETA(2) ,NSAMP(L1),
Fah F(2),11

Fur &) (12, "1lnput districutions are G*(*,F9.2,",",F5,2,") and”’,
GMLT L FSL.2, T FSe 2, )"/ T2, "Number of samples from *,
*pacr Adistripution 1is *,1%2," ana *,

lz,* respectively.”,./,T2,"The randor numper seed for this *,
"run 15 ",In,",. ")

ThETAs4,.5

I iHeTh=lbuna(s,9])

LeletuinciAa

FULesLOG(S,)

CllinT=CulnTel

Sus=u

k=0

F=K+l

Gl=2.,%ALPrA(K)=1,

G220GrET(vl)

G=1./G2

USALPnALY. ) +G7

HeAubnAa(n)=tULlr

P‘:(.b

J=0

JaJ+dl

LU 30 1=1,¢2

Fobae (11

e(I)=k

Curaplntrn

Viso(1)/(1.~L (1))

VIZLOGYL)

V&V 2

YizeXe(v)

(=ALPTA(R) *Y

Zzu(2)%c(1)40(1)

v SR tu¥yey

Teatzatimpr [h%xy

I F(A!.-;r.‘,;l‘..\l.)u'u [N q
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GRiio s oo L s arala

LNZ=LUG(Z) : . EEr

It (w,GE.LNZ)GO TU 40

GU TC S¢ . e e e

40 X(J)SY*¥BETA(K)

1IF(J.LT.2)G0 TO 20 Ol N m=

SUNZSUM+]

NEN+] 5o emeneme—— —

IFC(X(1)LT.X(2))THEN
A(SUM)Y=X(2) . s
B(SUM)=X(1)

ELSE e -
A(SUM)I=X(1)
B(SUM)=X(2)

END IF

IF(N,LT.NSAMP(K))GO TO 80 . ) R

IF(h LT.2)GO TO 60

CALL SORT

IF(COUNT,LT.IREP)GOTO 97

RETURW

END

BORUNRREREARARRN S ANNRRRRR RN N N RN RN RN R RN RR RN RRRA RN RR NN RRR AR R RN RE

* L

* Tnis subroutine generates random numbers . __ *
L from the beta distribution, L

L L -

‘t#lt#tt#*t4*ttt#t###t*##t*ttt#ttt#ltt###t**#t#t##t###t###tttttt##‘lt#t

SUBROUTINE BETA — =
DIMENSION X1(2),X2(2),U(2),ALPHA(2, 2) NSAMP(Z)
CU"MGN/ADG/A(bO) B(SO) sum . e em et o e e e
COMNMCW/ALL/NFILE, IREP, ITEM
CH#MON/ZE ILE/NAME,DISP
CHAKACTER*13 NAME,DISP
REAL LTHETA,LNZ
INTEGER COUNT,I1,N,0,SUM
COUNT=0 ) o
IF(NFILE,KQ.6)GOTO 3
OPEN(S,FILESNAME,STATUS=’0LD’,DISP=DPISP). . . . . _..
3 PRINT 10
10 FURMAI(IX,'Lnter alphai, alpha2 and number of samples ’,
/ ‘tor the’,/,T2,
/ °‘tirst peta distripytion separated by commass.’) .. ... _ . ...
READ(S,*)ALPHA(L,1),ALPHA(2,1),NSAMP(])

PRINT 11 . —e
11 FORMAT(1X,’Enter alphal, alpha2 and number of samplel ’.
/ ‘tor the’,/,T2, R
/ ‘’second beta distribution separated by commas,’)
READ(S,*)ALPHA(L,2) ,ALPHAC2,2) s NSAMPC2). . . o o e
PrInT 12
12 FURMAT(T2,’Enter a five=-digit number for random’,

/ ’ number generation,’)
REAUL(YS,*) ]
wklrt(NFILb 96)ALPHA(L1,1),ALPHA(2,1),ALPHA(L,2), ALPHA(Z 2),
/ LESAME(1),nSAMP(2),11 ="
Yy Euamhl(rz.'lnpu: distributions are B*(’,FS, 2.' '.FS 2, ) and'.
S BT ,F5.2,°,°F542,%)4%,/,T12,°Number ot samples from’,
* each distripution {s °,12,° and ’,
12, respectively,.’,/,T12,°The random number seed for this *,
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97

50

K1Y

40
60

70

80

‘run is *,16,%.%)
Tl1.'.<fA=”‘|b
LIHETASLUG(4.5)
M=1,+L1HETA
PUUR=LLG(4,)
ColrasCuunTel
L=Q
Suym=(
vo Yu l't=112
G=u+]
L0 0 ¥=1,L8ANF ()
RIVEERIVITR B
v 70 L=1,2
Gi' su K=1,2
0131.*ALPnA(I\,N)'1.
G2=5vwri1(Gl)
621,762
C=ALEnA(F,n)eG2
HALFrA(K, M) =FOUR
bo so 1=1,2
Rsrian(lIl)
U(F)=nr
Cullinlt
Vi=u(l)/(1.=U(}))
v2ELNG(VL)
VeGxy?
YI=cXE (V)
YSALPHA(K,)%*Y]
2= (2)*0(1)*U(1)
ASHeJ koY
TESI=n+i=ThrIA¥S
IF(TEST G 0,)CU TU 40
LhZ=io6(2)
JE(waub LiZ2)GO TU 40
G2 IO S
A(r)=Y
cunt)Inle
Xe(UL)=Xx1(1)/7(X1(1)+X1(2))
CUwij lwUe
A(Stim)sa2(l)
h(Su")sx2(2)
FLSt
A(SUR)EA2(2)
R(SUV)=X2(1)
F.UL1F
Cure T fann
[ SIS B S
CALL O0rT
1k (CNOUrT (LT, JTHERPIGUTD 97
FETURE
[T

T I I L I I I I

%

» 1nis subroutine generates ranaom numbers
* from tne trianuular distribution,

*

BEBARB AR SR A PR R AR NN R A RN BRI RD R RO S SRR A A B A SRR R AR E R AR R R KRR AR AR SRR KKK &Y

101

o~




SUBROUTINE TRIANG
DIMENSION X(2),G02),H(2),C(2),NSAMP(2). . ... . . . ...
COMMON/ALG/A(50) ,B(50),SUM
COMMON/ALL/NFILE,IREP,ITEM
COMMON/FILE/NAME,DISP
CHARACTER*13 NAME,DISP
INTEGER COUNT,Ii,SUM
CQUNTIsQ_ .. .. ...
IF(NFILELEQ, 6)GOT0 9
e+ emeeiene. . _OPEN(B,FILE=NAME,STATUS=’0LD’,D1SP=DISP)
9 PRINT 50
m— e 50 FORMAT(1X,’Enter nminimum, maximum, mode and number of °*,
/ * of samples from the’,/,T2,
. *first triangular distribution separated by commas,’)
READ(S5,*)G(1),H(1),C(1),NSAMP(1)
——e——..13 _ __PRINT 51
51 FORMAT(1X, ’Enter minimum, maximum, mode and number of ‘*,
S /. _° of samples from the’,/,T2,

/ ’‘second trianqular distribution separated by commas.’)
_READ(S5,%)G(2),H(2),C(2).,NSAMP(2) . —
IF(G(1)GTH(1).OR,G(1)GT.CC1).0R, C(l) GT H(I))THEN

— e .. WRITEC(E,T7)
7 FORMAT(T2,'INCORR£CT PARAMETERS ON DISTRIBUTION.',
e % _TRY AGAIN,*) A
GOTO 9
— e ELSE IF(G(2)eGTeH(2)s0RaG(2)«GTsC(2)a0RC(2)GT.H(2)ITHEN
WRITE(6,7)
— e ... GOTO 13
ELSE
e~ . PRINT 52
52 FORM&T(Tz,'Lnter 8 five-diqit number tor random number’ '
— e 0 Qeneration,’) . ... . . L ... .
READ(S x)Ii
- e —— — ... .END IF .
WRITE(NFILE, 98)6(1) H(l) C(l) G(2),H¢2),C(2), NSAMP(I).
e e . NSANMP(2),I1
98 FURMAT(Tz,'Input dlstributions are’,
/ LA ES 251 5 L BSR20 % L3 Fi8 e 2.9 ﬂnd’
/ ' T'(',FS.2,',',F5.2,',',F5.2,').',
et e A L 2T2,NUMDEr Of Samples from each distribution is °,
/ 12,° and ‘,12,’ respectively,’,
i e oA £ 4T2,°Tne random number seed for this run is °,16,°.°)
97 COUNT=COUNT+1
—..3UMEQ
DO 30 I=1, 2
e ... TsH(I)=G(])
COMP=(C(I)=G(I))/T
COMPy=],=COMP
DO 20 L=1,NSAMP(I)
e e . QUMESUMEY
DO 10 U=1,2
U=RAN(IL)
IF(U,LE,COMP)THEN
X1=COMP*U
X22SQRT(X1)
ST X(J)=G(I)+T#X2
ELSE
X1=COMP1%(1,=U)
X23SQRT(X1)
X3z1,-X2 -
102




X(J)=G(I)+I*X3
EnDLF
10 CONIIwuUR
IF(X(1) e GToX(2))THEN
A(Sum)=x(1)
BR(SUM)=SX(2)
ELSE
A(SUM)=A(2)
H(SU~m)=X(1)
ESDIF
20 CONSLINUE
30 CIOVIINUE
CAallL SNRT
IF(COUNT LTS LRERP)GUTO 97
RETURY
EnD

EAEAREER AR ERR R BN R RN R KRR AR R KRR K F RN RN RN R ER R KRR R R R AR R RR KRR AR R AR KRR AN ¥

x *
¥ Inis subroutine performs a pubble sort, ¥
¥ X

EARENF RN RR AR R R RB RS RREPRAR AR R AR RN R R KRR AR AR KRR AR ER R KRR KRN R R KRR R R

SUBRCUTINE SORT
DIvers Lo AACZ),BB(2)
CUrCn/ZALG/A(DS0) ,B(50),SUHK
CoavCu/ALL/NFILE, IREP,1TEM
CumnUN/ZDUT/ARESULT(S0),8RESULL(SQ) ,PerCEnNI(50)
CUMwUn/FILE/NAME,DISP
CHARACTER®*13 NAAE,DISP
[nTeGER ARUMN,BRUM ,SUM
12 INTERA=])

Do I=1,(SUK=1)

IF(A(L) GELACL+1))6010 25

AA(2)=A(1)

Ai(l)=A(I+1)

A(l)=AA(1)

ACLl+l)=AA(2)

INTERASO
25 COonTlnuL
EuD DO
IF(LINTERAEWwaU)GCOTO 12
9 INTERH=]

DO J=l,(Sud=1)
LE(B(J)GCEB(J+1))G0OTO 27
HR(2)=8(J)
Bu(L)=SB(J+1)
R(J)=Bo(l)
HW(J+1)=EB(2)
InTERLSY

2% COoLTLINUE

D DO

IF(INVIERB,EWL,0)GOTO 9

ARUN=DO

RRY. =0

Lis 1=1,SUx
IFCACL) ,GCTand (1)) irtem
AU SARUNS Y
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ELSE . [ he A BN L
GUTU 7
END LF . ot B e Y
END DO
7 CONTINUE O e 0o et
DU 1=SUM,1,=1 .
IF(B(I1).LT.A(SUM))THEN ™ R —— e
BRUNZBRUN+1
ELSE ) . L -
GUTO 18
END IF . TS e e
END DU 1
18 CONTINUE

C e e rie e e e

¥ End of replication bookkeepings *
* Tnis part of the suybroutine stores ¢ ___ .
* the statistic "# of runs of length ¥ . ‘

¥ X" in the array RESULT(X) “m_ulﬂ_“w_m___m__“.wm*___ﬁ
KEEREERRRERRERAAEERARERREARRNERERKEREES

ERRERRAERRREERNRRONRNERRRNRRRRRRRRRNRY . i
|

PO 1=1,SUM
[F(ARUN,EQ,I)ARESULT(I)3ARESULT(I)+L . .. _.
IF(BRUNJ.EQ.I)BRESULT(I)SBRESULT(I)+1

ENMD DO ] o oo r -
RETUPRN
EnND P e e i
KERRRRBEEERRRREEARKEEERRERERRESRERARARAARRSRA RS EERXREREESERSEEEREERATH RS
% X
* This subroutine generates the output of _!L__-_ﬁ
¥ the simulation,
x P — '

ERERRA AR R AR R KRR A RRR KRR RN AR ER SRR R AR KRR E N RANRRRARRNNREROS IR0 RAS]

SUBROUTINE REPQRT — e O -
DIMENSIUN AA(2),BB(2), CUM(SO) INT(SO)
COMMON/ALG/A(SO) B(SO),SUM . _ . . o
COMMON/ALL/NFILE,IREP,ITEM
COMMON/OUT/ARESULT(SO).BRESULT(SO)oPERCENTLSQJ-.
COMAON/FILE/NAME,DISP
CHARACTER*13 NAME,DISP,ANSWER T e— -
INTEGER SUM
IF(WFILE.EQ,6)GOTO 11 . .-
OPEN(8,FILE=NAME, STATUS:'OLD'.DISPSDISP)
11 IF(LTEM,EQ.1.0R, IIEM EQ.3)THEN . . . _ __.
ASSIGN 37 TO IOUT
ELSE
ASSIGN 39 TO0 IOUT
END IF ‘. ey D . B
wRITE(NFILE,IOUT)
37 FORMAT(///,T2,°Test for the Length of the Initial Run of’,
/ * A’’s betore the first B,”,/) {
39 FORMAT(///,12,°Test for the Length of the Initial Run of *, . . i
/ ‘B°’s pbefore the tirst A,’,/)
WRITE(NFILE,13)1IREP S
13 FORAAI(IZ,'Number of Replicationlz °,16,/7)
IFCITEM,EQ 1 OK,1TEM,EQ,3)THEN
WRITE(NFILE,42)
42 FOKMAT(T2,’Length ‘,4X,’Observed ‘,4X,
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e g ” T " ”
Y 4 L i
'

/ ‘’Relative ‘,4X,’Cumulative’)
WRI1TE(NFILE,44)
. 44 FORMAT(T2,°0f Runi’,4X,’Frequency:’,4X, ,
/ ‘Frequencyt’,4X,’Frequencyt’)
T=IREP
CuM(0)=0,0
DO I=i,SUM
PERCENT(I)SARESULT(I)/T
CUMCTI)=CUM(I=1)+PERCENT(I)
END DQ
DO I=1,SUM
INT(I)SARESULT(I1)
WRITE(NFILE,17)I,INT(I),PERCENT(I),CUM(I)
17 FORMAT(T?2,13,T12,16,T28,F8,6,T42,F8,6)
- END DO
WRITE(NFILE,62)
62 FORMAT(T2,/474/4/)
CALL GRAPH
IF(ITEM,EQ,1)GOTO %7
ITEMS2
... GQT0 11
ELSE
WRITE(NFILE,42)
WRITE(NFILE,44)
T=IRLP
cuUmM(0)=0.0
vieme. - DO I=1,SUM.
PERCENT(I)=BRESULT(I)/T
CUMCI)=CUM(I=~1)+PERCENT(I)
END DO
DO I=1,5UM 4
INTC(I)=BRESULT(I) 4
e . WRITE(NFILE,17)1,INT(I),PERCENTCI),CUM(I) I
END DO
WRITE(NFILE,62)
CALL GRAPH
END IF
57 CONTINUE
ieeeee ... RETURN
END

EERRNRRERNRE AR R RRRR ISR R RN RRER RN ARRR AR RN RN R AR AR KR BRRERRAREESRREER SRS SR

» *
m—— X This subroutine generates the relative and *
L cumulative frequency distribution »
L tunction qraphs, x
* ]

FEERARRARERRRERRRARRERE RN KRR R AR KR RO R AR RN RRR RSN EE BRI RN AR NEE

SUBRUUTINE GRAPH

DIMENSION TEST1(50),CUM(50)
COMMON/ALG/A(50),B(50),SUM
COMMOW/ALL/NFILE,IREP,ITEM
COMMON/OUT/ARESULT(50) ,BRESULT(50),PERCENT(50)
COMMON/FILE/NAME,DISP

CHAKRACTER*13 WAMF,DISP,ANSWER

INTEGER SUM

IF(WFILE,EQ,b)GUTO 13
OPEN(S,F1LE=NAME,STATYS="0L0’,DiSP=DISP)
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C s vmerm—————

s ——

e e

13

94

99

91

21

3t

CE

37

31
33

41
43

e - e

IFC(ITEM EGC . 2) THEN
ASSIGN 99 T0 L
ASSlouty 88 TO K e e
ASSIGN 84 TO M
ELSE . ——
ASSIGN 98 TO L
ASS1lGN 86 TO K o ") R
ASSIGN H2 TO M
END IF ) TR
ARITE(B,L)
FURMAT(T2,’For this test of the length of the run 0f’,
/ * A’’s before the first 8,°’,/,7T2,
/ ’'do you wish a par graph of the relative and’,
/ * cumulative treaguency distributions?’,/,712,
/ ‘tEnter "YES" or "NQ".,’) PO -
FURMALT(TI2,’For this test of the length of the run of’,
/ * B’’s pefore the tirst A,’,/,T2, T
/ *do you wish a bar graph of the relative and’,
/ * cumulative frequency distribuations?’,/,T2, . ... _
/ ‘Enter "YES" or "h0O",’)
READ(5,91)ANSWER R o
FURMAT(A)
IF(ANSWERLEQ,NO’)GUTO 89
skl (NFILE,27)
FURNAL(C’L?) A,
#RITE (NFILE,K)
FOR*AI(IS,’Relative trequency graph’, o Y — 8 o
/ * for the Lenyth ot the Initial Run ot°’,
/ * A"’s vetore tne first B,’,/) I
FURMAT(TS, Relative frequency graph’,
/ * for the Length of the Initial Ryn of’, R
/ ° B’’s pefore the first A,’,/)
ZwrRITE(NFILE,37) | e e e ey
FURMAI(TS5,%0,00°,T10,°,04°,T14,°,08°,T186,°,12°,722,°,16°,
/le,'.20',1‘30".24',T34,’.28',T38,'.32':1‘21’136'5116L:._4.Q4'.1
/150,%.,44°,754,°,48°,758,°,52°,762,°.567,166,°.,60°,T70,°,64°,
/T74,%.,60°,T78,%,72°,182,°,76°,T86,°,80°,790,°.84°,794,°.887,
/T98,°.92°,T102,°,96°,T106,°1,00°)
WRITE(NFILE,33) e e
FURMAL (L6, +=¢=dotmtatmpapepoqe’,
/ tetmtetetmtatatatatnjapmtatatnininpudnse’, L.
/ ‘detmteintatninpniutuintnsainintntapuiuninsd’)
CuM(0)=0,0 D —
DU I=1,SUM
TEST1(1)=(PERCEMT(1)+.005)%1000, o Wt R
J=TEST1(1)/10.
IF(J.EQ.V0)THEN e .
ASSIGN 43 Tu I0ULT
ELSE e
ASSiIGw 41 TO 10UT
enND §F ey —
CUM(CL)=CUM(LI=1)+FERCENT(I)
ARITE(wFI1LE,I1QUT)I,PERCENT(I])
FOKI‘"AT('0'0T3'12,T6,'-.'<J>(1H*)'2X'F8'3)
FUM‘AT('O',TJ,IZ,TG,’-’,2X,F8.3)
EAD DU
WRITE(NFILE,27) A o o oo o
ARTTE (NFILE, M)
FUR~AL(IS,’Cumujative trequency graph’,

/ ° tor tne Lenygtn ot tne Inftial Run of’,
/ * A’’s betore the tirst B,’,/)
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] 84 FURMAT (IS, Cumulative frequency graph’,
/ * tor the Lepqth ot the Initial Run ot’,
./ * B’’s betore the first A.’,/)
WRITE(NFILE,37)
WRITE(NFILE,33)
DO 1l=1,SUM
TEST1(I)=s(CUM(I)+,005)%1000,
: J=TEST1(1)/10,
: IF(J.EQ.O0)THEN
ASSIGN 43 TO 10UT
ELSE
ASS1IGN 41 TO IOUT
END [F i
! WRITE(NMFILE,IQUT)1,CUM(I)
3 END DC
' WRITE(NFILE,27)
89 CONTINUE
RETURN
END
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ADDENDUM

After listening to the presentation of this paper, Dr. W. J. Conover of Texas
Tech, commented that perhaps a rank test based on the rank sum of the A's or
some other appropriate measure might be used as a more powerful test of overall
compatibility among the samples with emphasis on shift of location. In view of
the weakness of the modified Westenberg test for the median which is given
here, and the generally high power of rank tests, this suggestion seems
promicing. I would still, however, suggest the LIR test for the purpose for
which it 1s intended: It emphasizes the improvement which can be obtained by
exclusfon of a particular sample. However, beware of repeated deletions. The
probability levels of the test change step-wise with each application.




